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Introduction.

THE EQUATION UNDER CONSIDERATION
Discrete control theory on a semi-discretized parabolic equation on Q = (0,1).
e 7 €C*(N),Y = Ymin >0,
e gcC'Q).

’ A" . discretization of A = — 0270z + +q-

dey™ (1) + AMy" (1) = V' ()1, on (0,T), (w C Q),
y"(0) =y"° e RV,
¥y (t) =0, on (0,T),

y]’t]Jrl(t) = Vbh(t>7 on (O,T),

Find V' € L2(0,T;RY) OR V{* € L?(0,T;R):
o yM(T)=0
° \/Ilh, Vbh uniformly bounded w.r.t. h.

control on parabolic equations.



A first approach : the continuous case

CONTINUOUS PROBLEM
Ory(t,z) + Ay(t, ) = 1o (2)Vy(t, z), in (0,T) x Q
y(t,z) =0in (0,T) x {0,1}
y(0,z) = y(x) € L3(Q) in Q.
THE MOMENTS METHOD
A= (Ap)r>1,
(Pr)r>1
o y(T) = 0 — Moments problem in L2((0,7T) x w) :

T
— (4%, ey ) - / / Va(t,2)e (T=0 ¢, (z)dwdt | Yk > 1
0 w

(qlA)121 biorthogonal family of (e’Ak(T’t))k21 ie. :

— eigenelements of A.

-1 1
H—1xHj

T
/ e T gM)dt = & 4, VI, k > 1.
0

o We set :

Vat,z) = > [a Jap (D ér (@)

k>1
e Reinjecting :

Vd(ts "I") = Z

2
k>1 ||¢kHL2(uJ)

W08 gy T

ai ()¢ (x)

te control on parabolic equations.



A first approach : the continuous case

CONTINUOUS PROBLEM
Ory(t,z) + Ay(t, ) = 1o (2)Vy(t, z), in (0,T) x Q
y(t,0) = 0 in (0,7)
y(t7 1) = Vb(t) in (OzT)
y(0,2) = y°(z) € H~1(Q) in Q.
THE MOMENTS METHOD

WO bk) o1y ggr e T
Vat,z) = | - s

k>1 H‘z’k”%p(w)

a ()1 ()

<y07 ¢k>H—1xHé e_AkT A
W0 = 3 |~ i 4 (On ()

REMAINING QUESTIONS

o existence of (gf)k>1 ?

lékl2ae, > -
* [0zor(1)] > ...
° ||‘I£HL2(0,T) <.

o convergence of the series :

te control on parabolic equations.



tence and bounds on (q; )xr>1

Definition : set of sequences L(p, N)

Let p>0and N : Rt — N.
Denote by L(p, ') the set of sequences 3 = (0 )x>1 such that :

o Vk>1, opy1 — 0k 2 p,
=01
e Ve >0, — <e.
D, =<
k=N (¢g)

Theorem [Fattorini-Russel, 1974]

Let p>0and M : Rt — N.

Ve >0, 3K >0, | VS € L(p,N) |, 3(a)k>1, Yk > 1, llg7 || 2 < K- exp(eoy).

where (qE) is a biorthogonal family for X.

control on p olic equations.



tence and bounds on (q; )xr>1

Definition : set of sequences L(p, N)

Let p>0and N : Rt — N.
Denote by L(p, ') the set of sequences 3 = (0 )x>1 such that :

o Vk > 1, okt1 — ok 2 p,
= 1
e Ve >0, — <e.
D, =<
k=N (¢g)

REMAINING QUESTIONS
O Ve >0, [Igkll72,) = e ?

© Ve >0, [0y (1) > e M= ?

control on parabolic equations.



About existence and bounds on (q; )x>1

Definition : set of sequences L(p, N)

Let p>0and N : Rt — N.
Denote by L(p, ') the set of sequences 3 = (0 )x>1 such that :

o Vk > 1, okt1 — ok 2 p,
= 1
e Ve >0, — <e.
D, =<
k=N (¢g)

REMAINING QUESTIONS
O Ve >0, [Igkll72,) = e ?
Q Ve >0, [0z¢r(1)] > e e ?
@ Ip>0,N, AcL(p,N)?

te control on parabolic equations.



About existence and bounds on (q; )x>1

Definition : set of sequences L(p, N)

Let p >0 and N : Rt — N.
Denote by L(p, ') the set of sequences 3 = (0 )r>1 such that :

o Vk > 1, 0p41 — 0k > p,
=1
e Ve >0, — <e.
> oS-
k=N (¢g)

REMAINING QUESTIONS
Q Ve > 07 ||¢k||i2(w) > eiAkE ?
@ Ve >0, |0xpp(1)] = e e ?
@ Ip>0,N, AcL(p,N)?

EXAMPLE y=1,¢=0
A\ = m2k2, dp(x) = V2sin(knx).

2
(] ||¢kHL2(a,b) —b—a
Q [0z¢r(1)] > Ck
© M\ep1— Ak >Chand 345, i < .

te control on parabolic equations.



How to estimate the eigenelements

REMAINING QUESTIONS
0 Ve >0, [lgkllFo,) > e w7
© Ve >0, |0:¢y(1)] > e k= ?
@ 3p>0,N, AcL(p,N)?
Poschel - Trubowitz. Inverse Spectral Theory.

control on parabolic equations.



How to estimate the eigenelements

REMAINING QUESTIONS

© Ve >0, (g2, > e e ?

Q Ve >0, [0:0p(1)] > e e ?
@ Ip>0,N, AeL(p,N)?
ALTERNATIVE PROOF TRANSPOSABLE TO THE DISCRETE SETTING.

Lemma 1

Let f: Q2 — R be a continuous function and A > 0. Suppose u : 2 — R satisfies
Au(z) = Au(z) + f, Vo € Q.

Then the following equation holds

[U'(2) = M@)U (@) + Q@)U () + F() |

where
u(x 0
U(z) = ( ’Y(Z() )/ ) and F(z) = < f(z) )
= (@) V@
and
0 A
M(z) = P ’(;(x) and Q(z) is uniformly bounded.
V@

te control on parabolic equations.



How to estimate the eigenelements

REMAINING QUESTIONS
0 Ve >0, [I6xl72(, =
Q Ve >0, [0z0r(1)] > e e ?

@ 3p>0,N, AcL(p,N)?
ALTERNATIVE PROOF TRANSPOSABLE TO THE DISCRETE SETTING.

e~ ke ?

Lemma 2

3C1(q,v) > 0,Ca(q,v,w) > 0s.t. Vk > 1,

1
51202 (D] > CrRy and 1681132, > CaR,

|9k ()12 + 52 |97, ()2
|6k )12+ R |}, (1)1

where Ry, = inf, ,cq

eTo answer questions 1. and 2., use Lemma 1 with (u = ¢, f = 0) and Lemma 2.
oTo answer question 3., use Lemma 1 with u(z) = ¢7,(1)dr41(x) — ¢5; (1)dk(2)

and f(z) = ¢, 1 (1)ok (@) (Ap+1 — Ak)-

Discrete control on parabolic equations



How to estimate the eigenelements

REMAINING QUESTIONS
0 Ve >0, [lgkllFo,) > e w7
Q Ve >0, [0z0r(1)] > e e ?
@ 3p>0,N, AcL(p,N)?
ALTERNATIVE PROOF TRANSPOSABLE TO THE DISCRETE SETTING.

Theorem 1

3C1(q,7v) > 0,Ca2(q,v,w) > 0s.t. Vk > 1,
2
(] ||¢k||L2(w) > C2

Q ¢, (1) > C1k
Q App1 — A > Chk.

What about the discrete setting ?




Introduction.

THE EQUATION UNDER CONSIDERATION

Discrete control theory on a semi-discretized parabolic equation on Q = (0,1).

| with v € C%(Q),q € C°(Q).

’ A" . discretization of A = —0,70, - +q-

Ay (1) + AMy" (1) = VI (1)1s, on (0,T), (w C Q),
yh(o) — yh,O c RN,

yg(t) =0, on (0,7),

Z/J}iurl(t) = Vbh(t)v on (OwT))

Find V' € L2(0,T;RY) OR V{* € L?(0,T;R):
o y"(T) =0

° th, Vbh uniformly bounded w.r.t. h.

control on parabolic equations.



Introduction.

THE EQUATION UNDER CONSIDERATION

Discrete control theory on a semi-discretized parabolic equation on Q = (0,1).

| with v € C%(Q),q € C°(Q).

’ A" . discretization of A = —0,70, - +q-

Ay (#) + A"y (t) = V' ()1, on (0,T), (w C Q),
yh(O) — yh,o c ]RN,

Yo (t) = 0, on (0,7T),

Y1 (t) = Vi'(£), on (0, T),

WHAT WAS DONE BEFORE
1998, Lépez and Zuazua
o semi-discretized heat equation : A" = —AP,
e uniform mesh,
e boundary null-control problem : Vi,
°

in space dimension 1 : Q = (0,1).

control on parabolic equations.



Introduction.

THE EQUATION UNDER CONSIDERATION

Discrete control theory on a semi-discretized parabolic equation on Q = (0,1).

| with v € C%(Q),q € C°(Q).

’ A" . discretization of A = —0,70, - +q-

Ay (#) + A"y (t) = V' ()1, on (0,T), (w C Q),
yh(O) — yh,o c ]RN,

Yo (t) = 0, on (0,7T),

Y1 (t) = Vi'(£), on (0, T),

WHAT WAS DONE BEFORE
2010, Boyer, Hubert and Le Rousseau

o semi-discretized parabolic equation : A" = (=8, (y0.-))",
o distributed control problem : V', (¢(h)-null control)

@ in space dimension > 1,
°

discrete Carleman estimates.

WHAT WE DO
Extend their work to :

h
o Cascade system of parabolic equations: ('A; th) with (congrol)

e boundary and distributed controls : \/Zlh, Vbh,
e BUT : in space dimension 1.

control on parabolic equations.
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© The moments method on a semi-discretized parabolic equation




The null-control problem.

DISCRETE PROBLEM

W™ ) + APy" () = 0, on (0,T),
y"(0) =0 e RN

yg(t) =0, on (0,7),

y]}{”rl(t) =0, on (0,7).

(P")

ELLIPTIC OPERATOR
h
h . 9 a
o A := (7@ <’}/%> +q> 5
hoyh 1 viva—yy vy h
o (A"y")j = —5 | Vjt1/2 5 —Vj—12 + 4595

o Denote by (A" := (AP)N_  (#?)N_|) the eigenelements of A", ||gh||;, = 1.

maxX;co,N] Pit1/2

- is bounded.
min;epo,N] Pit1/2

o Quasi-uniform mesh : O =

te control on parabolic equations.



The null-control problem.

DISCRETE PROBLEM

W™ ) + APy" () = 0, on (0,T),
y"(0) =0 e RN

yg(t) =0, on (0,7),

y]}{”rl(t) =0, on (0,7).

(P")

ELLIPTIC OPERATOR
h
W (_0 (.0
o A= (=2 (vE) +4) .
h, 1 —yh ka—yz}b 1
o (A"y")N=—7 (’YN+1/2 T e )+QNy?v(t)

o Denote by (A" := (AP)N_  (#?)N_|) the eigenelements of A", ||gh||;, = 1.

maXie[o,N] Rit1/2 (q o0l

o Quasi-uniform mesh : O} = —
min;epo,N] Pit1/2

te control on parabolic equations.



The null-control problem.

DISCRETE PROBLEM

W")'(t) + A"y"(t) = 0, on (0,T),

y"(0) =0 e RN

Y6 (1) =0, on (0, 7),

YR (t) = Vi (t) € L?(0, T;R), on (0,T).

(P")

ELLIPTIC OPERATOR
h
W (_0 (.0
o A= (=2 (vE) +4) .
h, h 1 —yh yj’{;—y]’b 1
o (A"y")N=—7 (’YN+1/2 T e )+QNy?v(t)

o Denote by (A" := (AP)N_  (#?)N_|) the eigenelements of A", ||gh||;, = 1.

maxX;co,N] Pit1/2

- is bounded.
min;epo,N] Pit1/2

o Quasi-uniform mesh : O =

te control on parabolic equations.



The null-control problem.
DISCRETE PROBLEM

Vit .
") (1) + APyl () = 0+vN+1/2‘;L—2() | on (0,7),

y"(0) =y e RN
yh(t) =0, on (0,7),
yh 1 (t) = Vi (t) € L2(0,T;R), on (0,T).

ELLIPTIC OPERATOR

s () )

Ahyh _ 1 U*y?q _ y’fv*yz}fffl h
o (A"y")N=—7 [ INt1/2—, IN—1/2 5 ) +anyR (1)

o Denote by (A" := (AP)N_  (#?)IN_|) the eigenelements of A", ||¢h||;, = 1.

. . max, h; .
e Quasi-uniform mesh : Oy := W is bounded.
i€ [0, i+1/2

te control on parabolic equations.



The null-control problem.

DISCRETE PROBLEM
h

VI(t
(6 () + A5 1) = 0+ vy 412 Do, on 0.7),

®my ¥ (0) =y"0 e RY
yg(t) =0, on (0,7),
yh 1 (t) = Vi (t) € L*(0,T;R), on (0,T).

ELLIPTIC OPERATOR

o st = (<2 () )"

h
y Y5 y i
° (.Ahyh)j = _711 (’7j+1/27j 1h . —’)/]'—1/27] h] 1) +f1jy§l

o Denote by (A" := (AP)N_  (#?)IN_|) the eigenelements of A", ||¢h |, = 1.

h h

. . max, h; .
e Quasi-uniform mesh : Oy := W is bounded.

te control on parabolic equations.




The moment method, part 1/3 : the moment problem

PROPERTY OF THE SOLUTION

T h

R / e MT—Dgh
0

o Integrate by parts,

(v" (@, 61) = (v6, T 6}) = —vn11s (

h
"' (t) + Aryl(t) = 0 + IN41/2 Vth(t)eN} ) dt,

—_(HP T
0 (Z%)N) / e—/\Zﬁ(T—t)Vbh(t)dt
0

y"(T) =0

i

h

N 0— (o) T \nr—
vk e {1,...N}, _(yg,e AkT(bZ) = —N11)2 <(kN>/ e MT=yh () at
0

MOMENT PROBLEM

Find th and Vbh', uniformly bounded in A, such that:

\h
Vk e {1,...N}, — (ygze *k%ﬁ) =

—YN+1/2

JOo

€R

_ (4h T — =
0 (¢k)N / e—AZ(Tft) Vbh(t) dt

h 0

T
[ eHT0@h @), 1 ar
——

ERN

te control on parabolic equations.




The moment method, part 2/3 : formal solution

' h
/ e T (VI (1), 1ug)) dt
0

h _—ART h
- yO76 k (bk =
< ) _ 0— (‘bZ)N T _A;;(T—z)vh Hdt
YN+1/2 h 0 € b ()

POSSIBLE EXPRESSIONS FOR THE CONTROLS

h
h o ) h Al
, AR

Jj=1
_ah
(w0, e ol

Ah
O—d)h Q] (t)
i—1 3, N
J 'YN+1/2( h )

bolic equations.



The moment method, part 3/3 : justificati

IT REMAINS TO PROVE

) 0— "
@ Uniform bounds on V{* and V' < le(/bny, > ? and <77N >7?

h
@ Bounds on (q;\ )j>1 for all A >0

POSSIBLE EXPRESSIONS FOR THE CONTROLS

N _ h.(]‘ ’*)\_}KT {7
u?'<t>=2—(y <)

j=1

b Al
e P5d; (1),
leoth,

h
h,0 ,—A/T ,h
(y T, € J ¢7> Ah

T Jo—oh o\ a; (t).
J=17 ( JJV)
N+1/2 h

control on p

olic equations.



The moment method, part 3/3 :

IT REMAINS TO PROVE

) 0— "
e Uniform bounds on Vi and V] < | [|1,¢" (|7 > 7 and (}7” >?
R 13

h
@ Bounds on (q;X )j>1 for all h >0 < | find p, N : Vh > 0, At e L(p,N) ‘

Theorem [Fattorini-Russel, 1974]

Let p>0and N : Rt — N.

Ve >0, 3K > 0, | VS € L(p, N) |, aF)k>1, VE > 1, |lg5 || 2 < K- exp(eoy).

where (qE) is a biorthogonal family for X.

control on p olic equations.



The moment method, part 3/3 : justifications on an example

WHEN v=1AND ¢=0: A= —A (UNIFORM MESH)

Theorem [Lépez-Zuazua,1998], boundary control problem.

The moment method on the semi-discretized heat equation gives uniformly

bounded boundary controls :

h,
”Vb HL2(OT]R) < Crlly 0”'

for the null-control problem (P").

PROOF Explicit expression for the eigenelements !

= (sin(jmhk))N

we can estimate

j=1
Vke{l,...,N}, A = }fQ sin? (”Thk)

Extend the sequence:

APkz1 =

k27r2, for k> N + 1. (continuous eigenvalues)

There exist p > 0, and N such that

(VA >0, |A" = (\Dkz1 € L(p N).

control on par.

0—(op) N 2 /yn
+‘2; A

>

— smz(—) for k € {1,... N}, (discrete eigenvalues)

olic equations.



The moment method, part 3/3 : justifications on an example

WHEN v=1AND ¢=0: A= —A (UNIFORM MESH)

Theorem [Lépez-Zuazua,1998|, boundary control problem.

The moment method on the semi-discretized heat equation gives uniformly
bounded boundary controls :

h h
Vo'l L2 0,5m) < Crlly 0.

for the null-control problem (P").

v AND ¢ IN THE GENERAL CASE ?
Can one obtain the same results with a general operator A = — 9 (’\/5%) +4q 7
No explicit formulae for the eigenelements.

STRATEGY

e Find p and AV such that : VA > 0, A" € L(p,N).

n
e Find lower bounds on %

and [|1,0%].

bolic equations.
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Discrete bounds on eigenvectors.

PROBLEM

h
Find sharp lower-bounds for : %

and [ 1,00 .

Basic approach: try to use numerical analysis AZ A

)\Z ~ A\, = Gap property only for a portion of the spectrum.

104

T
7)‘k

h
gl Mk .

control on parabolic equations.



Discrete bounds on eigenvectors.

PROBLEM

h
Find sharp lower-bounds for : %

and [ 1,00 .

Basic approach: try to use numerical analysis AZ A

)\Z ~ A\ = Gap property only for a portion of the spectrum.

-10*
T
— X
h
gl Mk .
Ay — A /= CN?
6| |
41 |
2 >‘k: ~ )\Z -
0 | | | | |
0 20 40 60 80 100

control on parabolic equations.



Discrete bounds on eigenvectors.

PROBLEM

_(+h
Find sharp lower-bounds for : % and [|1,0% .

Lemma 2 - in the discrete setting

Let B8 > 0 and suppose that O < .
3C1(g, v, B) > 0,Ca(q,v,w, B) > 0 s.t. Vb > 1,

0— ()N

h
N1 > CIR and ||¢k||L2(wh) > CoRy,

1
b
Ak

h 2
¢4 k‘¢i—1,k
hi_1/2

%—1/2

o]’ +

ho

where R} = min; jeq1 vi1] o 5 -
J k j—1,k

hj_1/2

Yi—
‘¢hk|2+7j ;/2

Goal : Find a sharp lower bound of Ry.

lic equations.



Discrete bounds on eigenvectors.

PROOF Find a sharp lower bound of Ry.
DISCRETE SETTING
EINGENVALUE PROBLEM FOR A"

o “ODE” of order 2 : Ahuh = AuP + fP — system of “ODEs” of order 1.

(uM);
o CHANGE OF VARIABLE (U"); = <(uh)j(uh)j_f Vi-1/2
h VX
o Duhamel’s formula + Gronwall’s lemma : V1 <1i,5 < N

H(Uh)]H< Jnax, IISW]H HWMill+h > IER | x
pelidI\{i}

A h
exp | max [SA Ik Do Q)

1<i,j<N pe[i,51\{i}

where : 52, = (In + hMx;—1)(In +hMy i—s) ... (In + hMy ),

_ A X
and : My ; i= ESVE Yit1/2
- 0
Yi+1/2

te control on parabolic equations.



ESTIMATES ON EIGENVECTORS (questions 1. & 2.)
Take uh = ¢!, A=Al —» Fh =0.

We get,

@) = (@)1
hy/AR

N ()i — (pM)i1

oP)i
1) o

IN

: SA ‘ h ‘
2, 15251 | [eebs]+

te control on parabolic equations.



Discrete bounds on eigenvectors.

Proposition : Estimates on S

.y
Mi—j

Estimates on the semi-group Si};_j for all ¢, j:
e For any k : HSZ-)}_]-H < OV,

Proposition : Estimates on the eigenvectors

—Coq /AP
(6)51% = Cre™ 2V 7k

oM G /AR
e For any k : ‘kTN‘ > Cre 2\/7‘ and h} e,

Proposition : Gap property

e For any k : NO UNIFORM GAP PROPERTY.

lic equations.



Discrete bounds on eigenvectors.

Proposition : Estimates on S

.y
Mi—j

Estimates on the semi-group Si};_j for all ¢, j:
e For any k : HSZ-)}_]-H < OV,
Define
h h_ 4
krmag,e :=max k€ {1,... N} A < ﬁ'ﬁm’n(l =&)po
1
e For k S k'rhﬁaz,s : ||Sz>\4—3|| S e

Proposition : Estimates on the eigenvectors

—Coq /AP
(63)51% = Cre™ 2V 7k

%M G /AR
e For any k : ‘kTN‘ > Cie 2\/7‘ and h} e,

h
e For k S k'r};ulz,e : ’%‘ 2 65 \/ )‘Z and th/LEw ‘((?);‘L)I'Q 2 55

Proposition : Gap property

e For any k : NO UNIFORM GAP PROPERTY.

e For k <kl,,.: Al —A>6.




Numerical simulations : y(z)

t t t t d T

0.2 0.4 0.6 0.8 1

Figure: Case 1 - y(z) = 2 + cos(mz)>.

lic equations.



600

400

200

(a) Normalized discrete spectrum

100

300

400

(b) Normal derivatives

Figure: Case 1 - N = 400

k
100 200 300 400

(c) L? (wfl) norms

N Faee]  110) 0 () () AP
Fraere | ¥ [Frame] N |"ame]| ¥ [Mame] N |Mame] N
50 26 2.99 2.99 7.07 1.01723 0.29 0.29 0.86 8.71729 56.82 56.82
100 52 2.99 2.99 7.08 2.46_51 0.28 0.28 0.85 1.26_59 56.89 56.89
200 104 2.99 2.99 7.08 4,16_107 0.28 0.28 0.85 1.97_ 1921 56.91 56.91
300 156 2.99 2.99 7.08 4A227153 0.28 0.28 0.84 2'707183 56.91 56.91
400 208 2.99 2.99 7.08 3.47_219 0.28 0.28 0.84 3.50_245 56.91 56.91

Table: Case 1 - behavior as h — 0




Numerical simu

3,000

2,000

1,000

I I I I
0 0.2 0.4 0.6 0.8 1 20 40 60 80 100 0 0.2 0.4 0.6 0.8 1

0 I I I I

(a) The diffusion coefficient v (b) k — ‘)\L"+1 — )\LL‘ (C) The last two eigenfunctions

Figure: Case 2 - N = 100

N [kl () Ir() T () () AR()
Fraee] N || N |are] N [Fame] N [Mhese] N
50 32 6.39 | 1.74_3 6.39 | 1.74_3 | 0.56 0.56 0.6 0.6 33.53 | 4.51_g¢
100 64 6.41 | 6.85_15 | 6.41 |7.18_3q| 0.59 |[1.75_30 | 0.59 |2.83_40 | 33.58 [2.91_q;
200| 126 6.42 |3.02_gg | 6.42 |3.80_14| 0.58 |8.90_gy | 0.58 |2.81_30 | 33.59 [2.91_;;
300 187 6.42 | 8.41_15 | 6.42 [9.47_g7| 0.61 |[4.41_35 | 0.58 |[1.60_737| 33.59 [1.16_1q
400| 250 6.42 |2.50_130| 6.42 [5.30_;5| 0.58 [7.38_176| 0.58 | 6.02_3¢ | 33.59 [6.98_1¢

Table: Case 2 - behavior as h — 0




Numerical simu

—x = y(x)
1.8
1.6
1.4
1.2
@
0.2 0.4 0.6 0.8 1

Figure: Case 3 - v(x) = 1j0,0.4[ + 2 X 1j0.4,1[, ¢ = O.

N[kl oz, () () () 13 () AR()
kktam,s N kaiL(l(L‘,E N k?naz,a N kktaw,s N k?naz,a N
50 35 4.41 | 1.80_14 | 3.79 |3.79] 0.55 [2.43_;;| 0.12 0.12 | 44.89 |44.89
100| 68 5.37 | 9.21_39 | 3.79 |3.79| 0.68 |7.18_50|5.87_o |5.87_o| 44.62 |44.62
200 131 5.37 | 2.19_go | 3.79 |3.79| 0.67 |4.53_35|8.86_g |2.79_o| 44.47 |44.47
300 194 5.37 | 5.22_g7 | 3.79 |3.79| 0.67 [6.63_55(9.81_o [1.88_o| 44.42 |44.42
400| 257 5.37 |1.25_191| 3.79 |3.79| 0.67 |1.37_gy| 0.1 [1.42_o| 44.4 |44.4

Table: Case 3 - behavior as h — 0




Outline.

@ Application in control theory




EXPRESSIONS OF THE CONTROLS

N _ (yhu() C—Aj‘Tc>;7>

h S I )h b AP

Vi(t) = Z IR @h H 5 4q; (t),
Jj=1 w

N <yh,0’ 67>\].'T¢h>

h ’ i)n oAb

‘/b (t) = Z L

Zh g
. 0—oh 7
=1 yN11/2 < hJ-fN>

RECALL THE STRATEGY

(t).

. 0—(¢p) N
o Find lower bounds on | —E~| or 10l

o Find p and AV such that : VA > 0, A € L(p,N) : KO.

TO SUM UP
e For all k, |1, O}”HQ > Che —O2\%

> Che 02\/7

then AP

o For all k, ’(%Z)N

o If k < Kkl

max,e?

h
k+1 _>‘k > 6.

Discrete control on parabolic equations.



Partial controlability result.

Theorem [A.-Boyer-Morancey, 2016]

We say that system (P") is ¢(h)-null controllable if :
VT > 0, there exists a control V' (or Vi) satisfying

VA >0, VR < Clly™°ll - (or W]l < Clly™ )
and such that the corresponding solution verifies:
Vh >0, ly"(DII” < (R)lIy"™ )12

Let any function ¢ : R} — R* such that
lim inf[h? log(¢(h))] > —8VminT,
h—0

Then, on a uniform mesh system (P") is ¢(h)-null controllable.

Remarks

Q
o
=]
A\

The solution satisfies in fact: Yh > 0, ||y"(T)| < |ly™°||Cre” 12 .

te control on parabolic equations.



Partial controlability result.

Theorem [A.-Boyer-Morancey, 2016]

We say that system (P") is ¢(h)-null controllable if :
VT > 0, there exists a control th (or Vbh) satisfying

h h
Vh >0, [V < Cliy™°ll - (or W < Cliy™°l)
and such that the corresponding solution verifies:
Vh >0, [ly"(T))1* < $(h)lly™°|1>.
Let any function ¢ : R} — R* such that

lim inf[h5 log( (h))] > —aT,
h—0

Then, on a quasi-uniform mesh system (P") is ¢(h)-null controllable.

Remarks

|
Q
o
5]
A\

The solution satisfies in fact: Vh > 0, ||y"(T)| < ||ly™°||Cre” »2 .

te control on parabolic equations.



Controllability of a parabolic system in ca

System of two parabolic equations in one space dimension, 2 = (0, L).
Only one control force on the first equation (distributed or boundary).

") (t) + (Alh f?h> y" (1) = (V‘—f;l”) +7N+1/2# (e(l)“) ,on (0,T),

h
(s™) J(0) = 40 € (RY)?

Yl (t) =0, on (0,T),

Note that the second equation is controlled by the solution to the first one.

lic equations.



ontrollability of a parabolic syste

System of two parabolic equations in one space dimension, 2 = (0, L).
Only one control force on the first equation (distributed or boundary).

") (t) + (Alh f?h> y"(t) = (V‘—QM) +vN+1/2# (e(l)“) , on (0,7),

h
(s™) J(0) = 40 € (RY)?

Yl (t) =0, on (0,T),

Theorem [A.-Boyer-Morancey, 2016]

Let any function ¢ : R} — R* such that
lim inf[h2 log(4(h))] > —8YminT,
h—0

Then, on a uniform mesh (S") system is ¢(h)-null controllable.

Remarks

| \

The Carleman technics employed by [2010, Boyer, Hubert and Le Rousseau]
cannot be used here.

control on p olic equations.



ontrollability of a parabolic syste

System of two parabolic equations in one space dimension, 2 = (0, L).
Only one control force on the first equation (distributed or boundary).

") (t) + (Alh f?h> " (1) = (V‘—QM) +INt1/2 %' (0 (e(l)“) ,on (0,7),

(s" "
y"(0) =" e ®Y)?

Yl (t) =0, on (0,T),

Theorem [A.-Boyer-Morancey, 2016]

Let any function ¢ : R} — R* such that
liminf[h 3 log(¢(h))] > —aT,
h—0

Then, on a quasi-uniform mesh (S") system is ¢(h)-null controllable.

The Carleman technics employed by [2010, Boyer, Hubert and Le Rousseau/
cannot be used here.

control on p olic equations.



Controllability of a parabolic system in ca

System of two parabolic equations in one space dimension, 2 = (0, L).
Only one control force on the first equation (distributed or boundary).

") (t) + (AJL V;i) y" (1) = (V‘—f;l“) +7N+1/2# (e(l)“) ,on (0,T),

h
(s™) J(0) = 40 € (RY)?

Yl (t) =0, on (0,T),

Elements of proof.

Main difference with the scalar case :

h
o Operator (f; jh) is not diagonalizable = we use the Jordan form.

o Existence + estimates of a biorthogonal family for

h h
{eikkt} @] {teikkt} .
k>1 k>1

lic equations.



Conclusion.

SUM UP

We have built an elementary approach:

@ to solve the ¢(h)-null controllability control problem for a large class of
parabolic equations,

e which applies on quasi-uniform meshes,

° ‘ which applies on a parabolic cascade system, ‘

(with fewer controls than equations)

e only valid in 1D.

PERSPECTIVES

Cascade systems with variable coefficients.

lic equations.



Thank you for your attention !




Bonus slide 1 : Numerical results

Basic approach: try to use numerical analysis AZ ISV

)\Z ~ A\, = Gap property only for a portion of the spectrum.

10

T
7)\]6

h
8| Ak .




Bonus slide 1 : Numerical results

Basic approach: try to use numerical analysis AZ ISV

)\Z ~ A\, = Gap property only for a portion of the spectrum.

104
I
7)\]'C
h
8| M .
. AN — A /= CN?
41 |
2 )‘k: %}\Z -
0 | | | | |




Bonus slide 2 : Extension of Fattorini-Russel, 1974|

Definition : set of sequences £L(p, N)

Let p>0and M : Rt — N.
Denote by £(p, N) the set of sequences ¥ = (o)g>1 such that :

o Vk>1, opt1 — 0k 2 p,
= 1
e Ve > 0, E — <e.
oL
k=N (g)

Theorem [Fattorini-Russel, 1974]

Let p>0and N : Rt — N.

Ve >0, 3K: > 0,|VE € L(p,N) |, Iax)e>1, Ve > 1, |lg5 |12 < Ke exp(eoy,).

where (i) is a biorthogonal family for 3.

[Ammar Khodja - Benabdallah - Gonzélez Burgos - de Teresa, 2011]
Let m € N, we have the same results for the family (t7e=7%%),,> >0 x>1-

control on parabolic equations.



Bonus slide 3 : Proof of the lemma

Lemma

Assume that one can prove that there exists Cy such that V1 < 4,5 < N:

[co%

i (1)i — (B)ia

h
hy/ Al

> O | |(ehs] +

@) = (@k)i—1
hy/AR

then the following relations holds:

0—(¢p) N
h
h)\k

> Cy and ||1,6}|| > C.

PROOF (SKETCH)

(6R)i — (6R)i-1

hy/ Al

(R)i — (PR)ia

hy/A

(61)i — (df)i-1

Ve

> | || +

(P1); — ($1)-1

Ve

N
> Cy, ’(¢j§)j‘ now: by -
j=1

>Cg. Take t = N+1: |[————| > Cg

te control on parabolic equations.




Bonus slide 3 : Proof of the lemma

Lemma

Assume that one can prove that there exists Cy such that V1 < 4,5 < N:

n (P1)i — (B})ia
hy/AR

(@) — (1)1

(@)
ha/ AR

> Cy ’(¢Z)j‘ +

h
then the following relations holds: w

h\/ATg

PROOF (SKETCH) Now : |[1,¢!| > Cj, ?

> Cj and [|1,6}]| > Cy.

CONTINOUS CASE : STEP 1

Find a nodal domain (a,b) in w : ¢ (a) = ¢x(b) =0

b b
/ 00 (100 1) @)k (z)dz = A / (¢ (2))2dz

b

b
Integrate by parts / (y(x) O i () 2dx = )\k/ (¢n(z))2dz

a

te control on parabolic equations.



Bonus slide 3 : Proof of the lemma

Lemma

Assume that one can prove that there exists Cy such that V1 <i,5 < N:

(1) — (B1)ia
hy/AR

(¢k (¢Z)j71

(@] +
ha/ AR

> Cx ’ ¢k)]‘+

then the following relations holds: > Oy and || 1,87 > Ck.

—(¢M)N
h\/:

PROOF (SKETCH) Now : |[1.¢}| > Cy ?

CONTINOUS CASE : STEP 2

b

b
Integrate by parts / (v(2) B i () 2dx = )\k/ (¢ (x))?da

a

Use the expression ¢ (x) + Oz (z) > C1h

1
VAL

b
[ M(6e@)? + (1(@)0001(2)da > MCa

te control on parabolic equations.



Bonus slide 3 : Proof of the lemma

Lemma

Assume that one can prove that there exists Cy such that V1 < 4,5 < N:

i (¢p)i — (¢3)i—1
hy/AR

@) = (@k)i—1

[co%
hy/AR

> O | |(ehs] +

0—(¢p) N

N

then the following relations holds: > C} and HIUquZH > Cl.

PROOF (SKETCH) Now : |[1,¢!| > Cj, ?

CONTINOUS CASE : STEP 2

b b
Integrate by parts / (Y(2)Op i (2))?dz = )\k/ (¢ (x))?da

1
VA

Use the expression ¢y (z) + Oz b () > C1

te control on parabolic equations.



Bonus slide 3 : Proof of the lemma

Lemma

Assume that one can prove that there exists Cy such that V1 <i,5 < N:

(1) — (B1)ia
hy/AR

(¢k (¢Z)j71

(@] +
ha/ AR

> Cx ’ ¢k)]‘+

then the following relations holds: > Oy and || 1,87 > Ck.

—(¢M)N
h\/:

PROOF (SKETCH) Now : |[1.¢}| > Cy ?

CONTINOUS CASE : STEP 2

b

b
Integrate by parts / (v(2) B i () 2dx = )\k/ (¢ (x))?da

a

Use the expression ¢ (x) + Oz (z) > C1h

1
VAL

b
/ 2 (65 (2))2dz > M\ Ca

te control on parabolic equations.



Bonus slide 3 : Proof of the lemma

Lemma

Assume that one can prove that there exists Cy such that V1 <i,5 < N:

(1) — (B1)ia
hy/AR

(¢k (¢Z)j71

(@] +
ha/ AR

> Cx ’ ¢k)]‘+

(d’k)N

then the following relations holds: > Oy and || 1,87 > Ck.

PROOF (SKETCH) Now : |[1.¢}|| > Cj, ?

CONTINOUS CASE : STEP 2

b

b
Integrate by parts / (v(2) B i () 2dx = )\k/ (¢ (x))?da

a

Use the expression ¢ (x) + Oz (z) > C1h

L

A
b

[ @@z > [on)ae> oy

a

te control on parabolic equations.
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